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An Eigenadmittance Condition Applicable to
Symmetrical Four-Port Circulators and Hybrids

GORDON P. RIBLET, MEMBER, lEEE

Abstruct-Recently, an expression for the eqnivafent admittance of

symmetrical three-port circulators has been derived on the basis of symme-

try considerations. In this paper, the same tedmique is extended to the

symmetrical four-port circulator. It is shown that a simple relationship

must be satisfied by the eigeuadmittances jYO, jY_,, jYl, and jY2 if

perfect circulation is to be obtainable by matching afone. ‘Ilk relationship

also applies to recriprocaf four-port devices with 2-fold symmetry ahout

two perpendicular axes which are required to be 90° hybrids upun match-

ing, provided that the eigenadndttances~”Y1, jY2, j“Y3, and jY4 are used. Ao

interesting application of tfds relation to the construction of a compact

strip~me hybrid is given.

L INTRODUCTION

I N THE CASE OF the three-port circulator with 3-fold

symmetry, it is often important to know what identical

two-port matching network must be connected in each of

the circulator arms in order to match the circulator satis-

factorily over some prescribed bandwith. It is known that

this matching network must match into the input admit-

tance at port 1, which results when a tuner in port 2 is

adjusted to give perfect isolation at port 3 [1]. This fact

may be used to derive expressions for this input admit-

tance, which is sometimes referred to as the complex

gyrator admittance, in terms of quantities which char-

acterize the junction [2]–[4]. Recently, an alternate deriva-

tion based on the symmetry properties of the junction has

been given, and the resulting quantity was called the

equivalent admittance [5], [6]. One advantage of the latter

procedure is that it can be readily generalized to other

networks with symmetry and where one can again speak

of an equivalent admittance. In this paper, such a proce-

dure is carried through for symmetrical four-port circula-

tors. It is shown that a simple relationship must be satis-

fied by the circulator eigenadmittances jYO, jYl, jY_,, and

jYz if perfect circulation is to be obtainable by matching

alone.

II. THE EQUIVALENT ADMITMNCE AT A REFERENCE

pLANE WITH ~YO =~CC

It is known that the phases +& +! ~, ~j, and ~z of the

four eigenreflection coefficients of a four-port circulator

must differ from each other by 90° for perfect circulation.

That is

+;= +;+ n/2

4~J=ti-”/2

+;=+~+r (1)
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where primed quantities refer to quantities obtained after

identical matching networks have been connected in each
port. If ~. and ~! (i= O, – 1,1, 2) are the eigensusccp-

tances before and after matching, then

_y, =tan ylj =_ c+~yo
o ()2 A–BY.

+:1

()

c+ DY_~
–Y!l=tan —. —

2 A–BY_l

‘Y’=tan ~ =_ C+DYI1
() 2 A–BY,

_y, _tan ~ =_ C+DY2
2—

() 2 A – BYZ
(2)

where A, jB, jC, and D are the entries of the transfer

matrix corresponding to the matching network. If the

circulation conditions (1) are used in conjunction with (2),

conditions on the Y’s or Y“s are obtained. For instance

‘an(:)=tan(:+a
tan (r)&/2) + tan (77/4)

= 1 – tan (t)~/2) tan (7r/4)

or
–Y; +l

–yj=
l+Y: “

The resulting conditions on the Y“s are

The first two

encountered in

–Y[+l
–Y{= ~+y,

o

–Y; –l
–Y:, = ~_y;

–Y; =l/Y& (3)

of these equations are similar to those
the three-port circulator case and will lead

us to define an equivalent admittance similar to the

three-port equivalent admittance. The last equation imp-

oses an additional condition on the eigenadrnittances

which can’t be fulfilled by matching, as we shall :see

shortly.
The derivation based on the first two equations will lbe

given for completeness, although it could really be written

down directly on the basis of the three-port results [5], [6].

Upon substituting the expressions for the Y“s in terms of

the Y’s from (2) into the first two equations of (3)
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C+DYO
+1

C+DY1 – A–BYo
—

A–BY, = C+DYO
1+

A–BYO

C+DYO
–1

C+ DY.l ‘A– BYo
.

A–BY_l = C+DYO “
l–

A–BY.

As before, one can always choose a reference plane such

that Y.= jco(~O = m). All starred quantities refer to this

choice of the reference plane. In this case, the above two

equations reduce to

–BC+CD+D2Y: –BDYf=AD+AB –BDY:– B2Y:

–BC– CD– D2Y?1– BDY?l=AD– AB

–BDY:1+B2Y:1

or

-(AB– CD)=(AD+BC)–(B2 +D2)yf

AB– CD=(AD+BC) +( B2+D2)Y:1.

Adding and subtracting these two equations and setting

AD+ BC=l

(B2+D2)(yT~y:’)=1
AB– CD=(B2+D2)

(y’:Y:’)

But these conditions are the same as those for matching

the complex admittance Y~~ if one makes the identifica-

tions

(4)

The third equation of (3) becomes

or

AB– CD=(B2+D2)Yf.

However, this equation is of the same form as that for Im

Yj~ so that an equation or condition independent of the

matching network is obtained.

(5)

This condition, which in the above form applies only at

the reference plane where Y. =jco, must be satisfied be-

fore perfect circulation can be obtained by matching. If it

is satisfied, then an equivalent admittance can be defined,

III. Trm EIGENADMITTANCE CONDITION AT AN

ARBITRARY REFERENCE PLM

The eigenadmittance condition (5) and the expressions

for the equivalent admittance (4) can readily be gener-

alized to an arbitrary reference plane. This has been done

for the equivalent admittance in previous references and

will not be repeated here [4], [5]. The generalization of (5)

is obtained by expressing

( 4’*-4’O+T )Y~=tan – ~ , i=o, *l,2

expanding the tangent function using trigonometric for-

mulas, and using (2) to express the results in terms of the

eigensusceptances at an arbitrary reference plane Yo, Y_ 1,
Y,, and Yz The result is

{

Y2+l/Yo=~ Y,+l/Yo+ Y-~+1/Yo

1 – Y*/ Yo 2 l–Y1/Yo l–Y_l/Yo }
. (6)

Upon removing denominators and canceling common

terms,

( Y*+ Y_, ){ Y1Y2+Y_~Y’ 1
Y* –

2
+ Y_l Y*+

2 }- Y.

{

Y,+Y_l 1
+ Y2–

2 1- Yj

{

Y2Y_1+Y1Y2
+ Y_l Y,+

2 )
+ =0. (7)

o

This equation is of the form

A(,+2J++J++)=0

Y2Y_, +Y1Y2
YIY_l+

-1

Yo=– B/A=
L

. .
Y,+ Y_,

. (8)
-.

–1”+
2“

A more symmetrical form of (8) is

(Yo+Y2)(Y, +Y_, )=2( YIY_, +YoY2). (9)

Note that an equation of the same form is applicable to

eigenimpedances.

If the general admittance condition (9) is satisfied, then

it is possible to obtain a perfect four-port circulator by

matching. This situation is not too surprising since it is

well known that a matched four-port symmetrical device

is not necessarily a circulator [7], Furthermore, for a given

magnetic field strength one would expect (9) to be satis-

fied only at isolated frequencies. This suggests that four-

port @nction circulators will be narrow band devices in

agreement with the experimental situation. One could

design narrow band four-port circulators using (9) by

determining the eigenadmittances of a four-port junction

experimentally using a computerized measurement system

as was done in [5] for three-port circulators, and then

determining the circumstances under which condition (9)
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is satisfied. In the case of stripline circulators, one could

do the same thing theoretically by using theoretical ex-

pressions for the eigermdmittances [8]. In view of the

simple application of this condition to stripline hybrids

given in the next section, this will not be done here.

Actually, (9) is a sufficient condition but not a neces-

sary condition. Equation (1) assumes that ~j = +6 + T.

Perfect circulation can also be obtained if ~j = ~0 + T or if

~~ 1= @j+ n. Consequently, two alternate conditions are
obtained if Yz is interchanged with Yl or Y_ ~ in (9).

These conditions are

(Yo+Y_, )( Y,+ Y2)=2(Y, Y2+YoY_, ) (lo)

(Yo+Y, )( Y_, +Y2)=2(Y_, Y2+YoY, ). (11)

IV. AN APPLICATION TO SYMMETRICAL FOUR-PORT

HYBRIDS

One of the nice features of the eigenadrnittance ap-

proach is that it is applicable to some other devices with

symmetry. In particular, it is applicable to certain recipro-

cal devices which are required to be matched using identi-

cal two-port matching networks connected at each port.

Consider in particular the 2-branch coupler of Fig. 1. This

is a four-port reciprocal device with 2-fold symmetry

about two perpendicular axes. It can be shown that the

scattering matrix entries S1~, Slz, S,3, and Sld are related

to the eigenreflection coefficients Sl, S2, S3, and Sq by [9]

If S1, S2, S3,

circle, then a

S11=+(S1+S2+S3+S4)

s12=j(s1–s2+s3–s~)

S13=+(S1+S2– S3– S4)

S,4=+(S1– S2– S3+S4).

and S4 are separated by 90° on the unit

device with this symmetry will be a 90°

hybrid. This eigenvalue separation is exactly the same as

for a four-port circulator. The results derived for the

four-port circulator can be applied directly to the symmet-

rical four-port hybrid, provided one makes the substitu-

tions jYO~jYl, jYz~jYd, jY1--+jYz, andjY– ~ajY3 for the

eigenadmittances. The admittance condition correspond-

ing to (9) becomes

(Y, +Y4)(Y2+ Y3)=2(Y2Y3+Y, Y,). (12)

Note that it has been implicitly assumed that port 4 will

be the isolated port. If port 2 or port 3 had been taken as

the isolated port, then the condition corresponding to (10)

or (11) would have had to have been taken. The three

different conditions have a more direct interpretation for

the hybrid than they do in the case of a four-port circula-

tor.

One of the simplest symmetrical four-port devices is
one with the four input ports connected by equal lengths

of transmission line of electrical length 0. In Fig. 1 the

characteristic admittance of the lines connecting ports 1

and 4 and ports 2 and 3 is YO, while the characteristic

admittance of the lines connecting ports 1 and 2 and ports

Ii=
6

4 rl Yfo 3

‘0 + ‘0 84

J

YYO 2

Fig. 1. A diagram of a 2-branch coupler with 2-fold symmetry about
the x and v axis. If the ratio Y of the in-line to branch-line admit-

tances is W, then the device can be converted into a 90° hybrid at
any frequency by matching the junction at that frequency with identi-
cal two-port matching networks connected at each port.

4 and 3 is Y“ YO. It will now be shown that the condition

(12) is identically satisfied independent of frequency if

Y= ~ . Expressions for the four eigensusceptances Yl,

Y2, Y3, and Yd can be found by assuming electric and

magnetic walls along the symmetry planes in all combinat-

ions. The eigensusceptances become

()Y1=(YO+YOY) tan ~ =YO(l+Y)t

Y2= – Yo(l+ Y)/t

Y3= – Ye/l+ YYot= Yo(Yt– l/t)

Y4= Y~t– YYo/t= Yo(f– Y/t).

Substituting the above expressions for Yl, Yz, Ys, and~ Y4

into (12), one finds that

(( J)((JJy t-~ +2t Y t-~ -~ =+2(l+Y)t(t-; )

-2(W(Y’-3
or

( J -4={2+W(+{Y’+2Y} t-~ 2

–4Y2–4Y+4Y+4

() ().“. Y2 t–; 2+4Y2=2 t–: 2+8.

Notice now the quite surprising result that this equation is

satisfied identically independent of t and, hence, of

frequency if Y= ~. As long as the ratio of the admit-

tance levels of the two different branch sections is l/~,

the coupler can be made to give equal power division by

connecting identical two-port matching networks at each

port. In a companion paper, a more general result for the
case of arbitrary coupling is derived for the structure of

Fig. 1.
The equivalent admittance of this junction could be

found numerically by evaluating the generalization of (4)

to an arbitrary reference plane. Instead, a closed form

algebraic expression for it will be taken over directly from

a companion paper on directional couplers [10], This

expression is
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Fig. :2. A picture of a miniaturized 90” stripline hybrid which operates
at 400 MHz with line lengths which are a quarter wavelength at 1
GHz. Metallized sectors at each port act as capacitors to match out
the junction susceptance at 400 MHz.

Yom
Yeq= –jYo(l + Y) cot El. (13)

sin @

For equal power division, Y= ~ . If we set YO= G, then

Yeq= -& –j(l +~ )G cot ~. (14)

Notice that if the line lengths are a quarter-wavelength

long (El = 7/2) and if YO= G = 1, then Ye~= 1. This must

be so since the resulting device is a standard 90° hybrid.

V. A MINIAW STRIPLINE HYBRID

The results derived in the previous section lend them-

selves to a simple and potentially useful application. It has

been. shown that it is only necessary to match the 2-

branch junction of Fig. 1 at any frequency in order to

obtain a 90° hybrid at that frequency provided that

Y= ~. In particular, if the junction can be matched at a

low frequency for which the line lengths are much less

than a quarter-wavelength, then a quite compact hybrid

could be obtained, This can be done easily in two steps.

First, the real part of Ye~ in (14) must be made equal to

one. This will be the case if G = Y.= sin @. In stripline,

this will require reducing the width of the connecting

strips until the junction conductance is one at the selected

frequency. Secondly, a capacitative susceptance must be

included at each junction to balance out the inductive

susceptance –j( 1 + fi ) G cot @ of (14). Lumped element

capacitors could be used or, in the case of stripline, simply

metallized sectors extending in toward the center of the

junction.
A picture of such a miniature hybrid constructed in

stripline is given in Fig. 2. It was designed to operate at

400 MHz using line lengths which are a quarter-wave-

length long at 1 GHz. This corresponds to a linear size

reduction of 2.5 or a reduction in surface area of fj.z5. The

four sectors extending in toward the junction center are

the capacitors required to match out the junction suscep-

tance. The line widths have been narrowed to make the

1.40
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>

1.20
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380 400 420

FREQ (MHz)

Fig. 3. Experimental return loss of the 400-MHz hybrid versus

frequency.
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Fig. 4. Experimental coupling to in-line and branch-line ports of the
400-MHz hybrid versus frequency. The level coupling refers to the
in-line output port and the parabolic coupling to the branch-line
output port with ports 1, 2, 3, and 4 taken as the input por~ respec-
tively. The miniattition procedure does not significantly alter the
bandwidth.

conductance 1 at 400 MHz. The device makes efficient

use of the available area. In Fig. 3 the experimental return

loss versus frequency is given, and in Fig. 4 the experi-

mental coupling to the in-line and branch-line ports is

given versus frequency. The bandwidth is about 10 per-

cent for 18-dB return loss and 0.2-dB coupling unbalance.

These figures are close to the same as for a standard

junction. Reducing the size does not significantly effect

the bandwidth. In practice, there will be a practical limit

on the size reduction possible to three or so in the linear

dimension. For larger reductions the value of YO, and

hence the width of the connecting strips, becomes imprac-

tically small.

VI. CONCLUSIONS

A simple condition on the four eigenadmittances of a

4-fold symmetrical nonreciprocal device has been derived

which must be fulfilled if perfect circulation is to be

obtainable by connecting identical two-port matching

networks in each arm, This condition also applies to a

reciprocal four-port device with symmetry about two per-

pendicular axes which is required to be a 90° hybrid upon
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matching. This is because the eigenreflection coefficients

of both devices are separated by 90° on the unit circle.

Furthermore, it was shown that this condition is identi-

cally satisfied for all freq~uencies for a 2-branch coupler,

provided that the ratio of the in-line to branch-line admit-

tance levels is fi. This fact was used to construct a

compact stripline hybrid operating at 400 MHz using lines

which are a quarter wavelength long at 1 GHz.

VII. APPENDIX

It is obvious that the results in the text can readily be

generalized to the case of the n-port circulator where the n

eigenvalue phase angles must be separated by 360/n

degrees on the unit circle for perfect circulation, Here the

results will only be stated for the five-port circulator at the

reference plane where *O= 180°. The eigenadmittances at

such a plane arejYj =jco, jY1 ~,jY~,jY!12, andjY~. The

real and imaginary parts of the equivalent admittance are

Yy– Y:* Y; – Y:~
G*=

2
.tan36°=

2
. tan 72°

Yf+Y:~ Y:+ Y:2
Y*=

2 ‘- 2 “

It is apparent that two conditions on the eigenadmittancm

must be satisfied before a circulator can be obtained by

matching alone. In the general n-port case, n – 3 condi-

tions must be satisfied.
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Field Theory Treatment of H--Plane Waveguid(:
Junction with Triangular Ferrite Post

ABDEL-MESSIAS KHILLA AND INGO WOLFF

Abstract—Tbia paper presents an exact field theory treatment for the

H-plane waveguide junction with three-sided ferrite prism. The treatment

is gerre~ beii independent of the geometrical symmetry of the jnnetio%

the number of ports, and the location of the ferrite post inside the junction.

The solution of the wave eqoatioIMs in the ferrite post and in the surromrd-

ing region is written in the form of an infinite summation of cyfindrieal

modes. The fields at the ferrite-air interface are matched nsfng the

point-matching teehaique. This resnlts in two amplitudes for the cyfindrieal

modes describing the fields in the air region in the form of a matrix.

The fields at the arbitrary boundary between the air regfon and the

wavegoides are also matched using the point-matching technique. Thfs

results in a fiite system of nonhomogeneous equations in the field

ampfitodea.

The three-port wavegoide junction circulator with central triangular

ferrite post is analyzed using this technique.

Two speeKIc mrangementa are considered. In the fhst arrangement the

points of the triaagfes are in the centers of the waveguides, and in the

second the sides of the trianglea are in tbe centers of the wavegoidex. The

Manuscript received June 8, 1977; revised October 11, 1977.
The authors are with the Department of Electrical Engineering, Uni-

versity of Duisburg, Dnisburg, Germany.

method used in this paper can also he appfied to study the effect of tble

ferrite-peat geometry on the cirenlator performanm in order to seek th[e

best possible cireufator atroetore.

Excellent agreement fms been found between pubfislhed experimental

meaanrements and the nnmerical resrdts obtained by this teefroique in the

ease of a wavegtdde jonction circulator with cylindrical fmrite post.

I. INTRODUCTION

T HE VERSATILITY of the most widely used ferrite

junction circulator is indicated by the fact that in

addition to its use as a circulator, it can also be used as an

isolator or as a switch. It can be constructed in either a

rectangular waveguide or stripline technique. The wave-

guide version usually uses a H-plane junction.

The problem of the waveguide circulator design has

been overcome by numerical techniques for some simpler

structures such as latching circulators, simple ferrite-rod Y

and T junctions, and various inhomogeneous ferrite cylin-

ders (ferrite post [8]), ferrite tube-dielectric rod-dielectric

sleeve, and ferrite post–metal pin~ielectric sleeve [1 ]~31).
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